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Printers sometimes produce text which con¬ 
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bottoms. To achieve optimal reproduction qual¬ 
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3. TABLES AND ILLUSTRATIONS 

Tables should be made with UTJ^X; illustra¬ 
tions should be originals or sharp prints. They 
should be arranged throughout the text and 
preferably be included on the same page as they 
are first discussed. They should have a self- 
contained caption and be positioned in flush- 
left alignment with the text margin within the 
column. If they do not ht into one column 
they may be placed across both columns (us¬ 
ing \begin{table*} or \begin{f igure*} so that 
they appear at the top of a page). 

3.1. Tables 

Tables should be presented in the form shown 
in Table |^. Their layout should be consistent 
throughout. 

Horizontal lines should be placed above and be¬ 
low table headings, above the subheadings and at 
the end of the table above any notes. Vertical 
lines should be avoided. 

If a table is too long to ht onto one page, 
the table number and headings should be re¬ 
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table can be turned by 90° (‘landscape mode’) 
and spread over two consecutive pages (hrst 
an even-numbered, then an odd-numbered one) 
created by means of \begin{table} [h] without 
a caption. To do this, you prepare the table as 
a separate UT[5]X document and attach the tables 
to the empty pages with a few spots of suitable 
glue. 

3.2. Useful table packages 

Modern UTeX comes with several packages for 
tables that provide additional functionality. Be¬ 
low we mention a few. See the documentation 
of the individual packages for more details. The 
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<^1B (%) -0-45 -0.45 -0.45 -0.45 -0.45 -0.44 - -0.45 

(%) 0.03 0.03 0.03 0.03 0.03 0.03 - 0.03 

^ (%) -0.19 -0.19 -0.18 -0.15 -0.12 -0.10 - -0.21 

The experimental values are given in ref. [4]. 
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Table 1 


The next-to-leading order (NLO) results without the pion field. 


A (MeV) 

140 

150 

175 

200 

Td (fm) 

1.973 

1.972 

1.974 

1.978 

Qd (fm^) 

0.259 

0.268 

0.287 

0.302 

Pd (%) 

2.32 

2.83 

4.34 

6.14 

tJ-d 

0.867 

0.864 

0.855 

0.845 

Mmi (fm) 

3.995 

3.989 

3.973 

3.955 

A4gt (fm) 

4.887 

4.881 

4.864 

4.846 

(%) 

-0.45 

-0.45 

-0.45 

-0.45 


0.03 

0.03 

0.03 

0.03 

(%) 

-0.19 

-0.19 

-0.18 

-0.15 


The experimental values are given in ref. Q . 

packages can be found in M^^X’s tools directory. 

array Various extensions to IMJ;]X’s array and 
tabular environments. 

longtable Automatically break tables over sev¬ 
eral pages. Put the table in the longtable 
environment instead of the table environ¬ 
ment. 

dcolumn Define your own type of column. 
Among others, this is one way to obtain 
alignment on the decimal point. 

tabularx Smart column width calculation 
within a specified table width. 

rotating Print a page with a wide table or 
figure in landscape orientation using the 
sidewaystable or sidewaysfigure envi¬ 
ronments, and many other rotating tricks. 
Use the package with the f iguresright op¬ 
tion to make all tables and figures rotate 
in clockwise. Use the starred form of the 
sideways environments to obtain full-width 
tables or figures in a two-column article. 

3.3. Line drawings 

Line drawings may consist of laser-printed 
graphics or professionally drawn figures attached 
to the manuscript page. All figures should be 
clearly displayed by leaving at least one line of 
spacing above and below them. When placing a 


figure at the top of a page, the top of the figure 
should align with the bottom of the first text line 
of the other column. 

Do not use too light or too dark shading in your 
figures; too dark a shading may become too dense 
while a very light shading made of tiny points may 
fade away during reproduction. 

All notations and lettering should be no less 
than 2 mm high. The use of heavy black, bold 
lettering should be avoided as this will look un¬ 
pleasantly dark when printed. 


3.4. PostScript figures 

Instead of providing separate drawings or 
prints of the figures you may also use Post¬ 
Script files which are included into your DTJ^^X 
file and printed together with the text. Use 
one of the packages from DTJ^X’s graphics di¬ 
rectory: graphics, graphicx or epsfig, with 
the \usepackage command, and then use the 
appropriate commands (\includegraphics or 
\epsfig) to include your PostScript file. 

The simplest command is: 
\includegraphics{f ile}, which inserts the 
PostScript file file at its own size. The starred 
version of this command: 

\includegraphics*{file}, does the same, but 
clips the figure to its bounding box. 

With the graphicx package one may spec¬ 
ify a series of options as a key-value list, e.g.: 
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\includegraphics[width=15pc]{file} 
\includegraphics[height=5pc]{file} 
\includegraphics[scale=0.6]{file} 
\includegraphics[angle=90,width=20pc]{file} 
See the file grfguide, section “Including 
Graphics Files”, of the graphics distribution for 
all options and a detailed description. 

The epsf ig package mimicks the commands fa¬ 
miliar from the package with the same name in 
foT[5X2.09. A PostScript hie file is included with 
the command \psf ig{f ile=f ile}. 

Grey-scale and colour photographs cannot be 
included in this way, since reproduction from the 
printed GRG article would give insufficient typo¬ 
graphical quality. See the following subsections. 


Figure 1. Good sharp prints should be used and 
not (distorted) photocopies. 


3.5. Black and white photographs 

Photographs must always be sharp originals 
{not screened versions) and rich in contrast. 
They will undergo the same reduction as the text 
and should be pasted on your page in the same 
way as line drawings. 

3.6. Colour photographs 

Sharp originals {not transparencies or slides) 
should be submitted close to the size expected 
in publication. Gharges for the processing and 
printing of colour will be passed on to the 


Figure 2. Remember to keep details clear and 
large enough. 


author(s) of the paper. As costs involved are per 
page, care should be taken in the selection of size 
and shape so that two or more illustrations may 
be fitted together on one page. Please contact 
the Author Support Department at Elsevier (E- 
mail: authorsupport@elsevier.nl) for a price 
quotation and layout instructions before produc¬ 
ing your paper in its final form. 

4. EQUATIONS 

Equations should be flush-left with the text 
margin; I}T}]X ensures that the equation is pre¬ 
ceded and followed by one line of white space. 

provides the document class option fleqn 
to get the flush-left effect. 

H^0{u) = eW(u;)( 5„0 + (a|IF.|/3) (1) 

You need not put in equation numbers, since 
this is taken care of automatically. The equation 
numbers are always consecutive and are printed 
in parentheses flush with the right-hand margin 
of the text and level with the last line of the equa¬ 
tion. For multi-line equations, use the eqnarray 
environment. 

For complex mathematics, use the AAd^math 
package. This package sets the math indenta¬ 
tion to a positive value. To keep the equations 
flush left, either load the espcrc package af¬ 
ter the Aj^Smath package or set the command 
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\mathindent=Opt in the preamble of your arti¬ 
cle. 
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Stability of two-fermion bound states in the explicitly covariant 
Light-Front Dynamics 

M. Mangin-Brinetj'^J. Carbonell®' and V. A. Karmanov'^ 

'^Institut des Sciences Nucleaires, 

53, avenue des Martyrs, 38 026 Grenoble, France 

'^Lebedev Physical Institute, 

Leninsky Pr. 53, 119991 Moscow, Russia 


1. Introduction 

The system of two bound fermions covers a 
huge number of interesting problems from atomic, 
nuclear and sub nuclear physics. It is one of the 
most difficult problems in field theory due to the 
fact that bound states necessarily involve an infi¬ 
nite number of diagrams. We studied this prob¬ 
lem in the framework of the explicitly covari¬ 
ant light-front dynamics [|| (CLFD). In this ap¬ 
proach, the state vector is defined on an hyper¬ 
plane given by the invariant equation oj ■ x = 0 
with aj^ = 0. The standard light-front, reviewed 
in lH, is recovered for uj = (1,0,0,-1). The 
CLFD equations have been solved exactly for a 
two fermion system with different boson exchange 
ladder kernels We have considered sepa¬ 

rately the usual couplings between two fermions 
(scalar, pseudo-scalar, pseudo-vector, and vector) 
and we were interested in states with given angu¬ 
lar momentum and parity J'^ = 0^,1^. Each 
coupling leads to a system of integral equations, 
which in practice are solved on a finite momen¬ 
tum domain [0; kmax]- If the solutions necessarily 
exist when the integration domain is finite - for 
the kernels are compact, it is not a priori obvious 
that the equations admit stable solutions when 
kmax goes to infinity. Particular attention must 
therefore be paid to the stability of the equations 
relative to the cutoff kmax- We develop hereafter 
an analytical method to study the cutoff depen¬ 
dence of the equations and to determine whether 
they need to be regularized or not. 


The method will here be detailed for a J = O'*" 
state in the Yukawa model but it can be applied 
to any coupling. Results will be presented for 
scalar and pseudo-scalar exchange. This latter 
furthermore exhibits some strange particularities 
which will be discussed. 


2. Scalar exchange 


Let us consider a system of two fermions in a 
J'^ = 0+ state, bound by a scalar exchange, whose 
Lagrangian density is given by £ = Its 

wave function, constructed using all possible spin 
structures, is determined in the 0"^ case by two 
components [|j, fi and / 2 , which depend on the 
two scalar variables k and 9: 


^ /l + » , - n h 


V2 


ksinO 


UyU) 


t 


k is the momentum of one particle in the system 
of reference where fci -I- fc 2 = 0, n is the spatial 
part of the normal u to the light-front plane, 9 
is the angle between k and h, and w is the two 
component spinor. The appearence of a second 
component compared to the non relativistic case 
is due to vector h, which induces additional spin 
structures. 

/i and /2 satisfy the system of coupled equa¬ 
tions : 


[M^-A{e+mk] fi{k,9) 

^ j [Lfii/i(fc', 9') + K,2f2(k\ 9')] — 
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[M^ - A{k‘^ + TO^)] / 2 (fc, 0 ) 

j ^0 + '^ 22 / 2 (fc^ ^* 0 ] ( 1 ) 


si the total mass squared of the system, m is 
the constituent mass and Sk = vfc^ + m^. The 
kernels Kij result from a first integration of more 
elementary quantities: 


K,,{k,9;k',9') 



Kij dip' 

(Q^ + pfl)im?£kek' 2 -k ’ 


where Kij depend on the type of coupling. The 
analytical expressions of Kij for the scalar cou¬ 
pling, read 

= —aTT -|- ik'^m^ + 3k'^m? + 

—2kk'£k£k' cos 0 cos 0 ' 

—kk'{k^ + k'^ + 2rn?) sin 0 sin 0 ' cosv?'] 

Kf 2 = —aTTm{k'^ — k'"^) {k's\xi9' -\-ks\TL9 cos ip') 
K 21 = —airmik'^ — k"^) {ksiii9 + k' sin9' cosip') 
K 22 = —ctTT [(2fc^fc'^ -I- + ik'^vn? + 

—2kk'ek£k' cos 9 cos 9') cos ip' 

—kk'{k^ + k'^ + 2m?')sio9s\'a9'^ ( 2 ) 


In practice, the integration region over the mo¬ 
menta is reduced to a finite domain [0,kmax]- 
The kinematical term — 4(fc^ -I- m^)] on l.h.s. 
of equation (j^) does not generate any singularity 
and the kernels Kij are smooth functions of the 
9 variable. Thus, the stability of the solution de¬ 
pends only on the asymptotical behavior of the 
kernels in the (fc, k') plane. 

Variables {k,k') can tend to infinity following 
different directions: for a fixed value of k, Kn 
decreases as \/k', and vice versa. As the integra¬ 
tion volume contains the factor this means 
that the total kernel decreases as 1 /fc'^, that is 
like a Yukawa potential. In contrast, K 22 does 
not decrease in any direction of the (fc, k') plane, 
but tends to a positive constant with respect to k 
and k'. K 22 is thus asymptotically repulsive and 
does not generate any unstability. In the domain 
where both fc, k' tend to infinity with a fixed ratio 
^ = 7 , it is useful to introduce the functions Aij 
defined by 


-A 


Since K 22 is repulsive and does not generate any 
collapse, we consider only the first channel. We 
have 


An ( 0 , 0 ', 7 ) = 


V7. 


dip' 1 


{ 27(1 — cos 0 cos 0 ') — (1 -f 7 ^) sin 0 sin 0 ' cosy)'} 


where 


D = (1-I- 7^)(1 -I- I COS 0 — cos 0 '| — COS 0 COS 0 ') 

— 27 sin 0 sin 0' cos ip' 


Let us now majorate the function An. For fixed 
7 , the maximum of An is achieved at 0 = 0' and 
for any 0 = 0' it reads: An(0 = 0',7) = ol'^. 
The maximum value of kernel ATii is thus reached 
for 7 = 1 . The majorated kernel obtained this 
way coincides with the non-relativistic potential 
U [r) = in the momentum space with 

a' = al{2m'K). As well known 0, for this poten¬ 
tial, the binding energy does not depend on cutoff 
if a' < acr = 1/ (4m) what restricts the coupling 
constant to: a < 7 r/ 2 . If a' > I/(4m), the bind¬ 
ing energy is cutoff dependent and tends to —00 
when kmax 00 . A finer majoration of An was 
done by taking into account its dependence on 7 
Q. In this way we have found Ocr = tt, instead 
of 7 r/ 2 . As the kernel was majorated, the critical 
coupling constant is expected to be larger than tt. 

It can be determined, together with the asymp¬ 
totical behavior of the wave functions, by consid¬ 
ering the limit fc ^ 00 of equation (|^) for /i 

-4/(fc,z) = 

2 rcx) ^ + 1 

J id'y J dz'K{k,z]jk,z')f{jk,z') 


where we have neglected the binding energy, sup¬ 
posing that it is finite, and omitted the indices 
for fi and Kn. This can also be written 


4/(fc,z) = - [ dz' [ djA{9,9',-f) 

J-i Jo 

x|73/2/(7fcA') + 7-'^/V(^,^')} (3) 


Looking for a solution which behaves as 


f{k,z) 


k2+l3' 




A,j{ 9 , 9 ',-f) if7<l 
^ Ay(0,0', 1/7) if7>l 


0</3< 1 . 


(4) 
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we are led for h{z) to the eigenvalue equation 
^+1 

h{z) = a J dz'Hp{z,z') h{z') 

with 

Hf}{z,z')=f -^A(z,z', 7 ) cosh(/31og7) 

Jo 27 r^ 

The relation between the coupling constant a and 
the coefficient j3, determining the power law of 
the asymptotic wave function, can be found in 
practice by solving the eigenvalue equation (||) 
for a fixed value of [3 

7+1 

Xi 3 h{z) = J dz'Hp(z, z') h{z') (5) 

and taking a{(3) = l/Xp The relation aiM) ob¬ 
tained that way is represented in Figure |l|. The 
value /3 = 0 corresponds to the maximal - that is 
the critical - value of a: Oc = a{(3 = 0) = 3.72, 
in agreement with the previous analytical estima¬ 
tions. It is independent of the exchanged mass /i. 



Figure 2. Cutoff dependence of the binding en¬ 
ergy in the J = 0+ state (/r = 0.25), in the one- 
channel problem (/i), for two fixed values of the 
coupling constant below and above the critical 
value. 



Figure 1. Function a{(3) for LFD Yukawa model 
with Kii channel only. 



Figure ^ shows the two different regimes, 
whether the coupling constant is below (a = 3) 
or above {a = 4) the critical value ac- As it 
can be seen in Figure the wave functions accu¬ 
rately follow the power law asymptotical behavior 


Figure 3. Asymptotical behavior of the J = 
O'*' wave function components fi for i3=0.05, 
0=1.096, ^(=0.25. The slope coefficient are f3i = 
0.82 and (32 ~ 0. 
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with a coefficient (3{a) given in Figure]^. 
It is worth noticing that - at least in the frame¬ 
work of this model - one could measure the cou¬ 
pling constant from the asymptotic behavior of 
the bound state wave function. 

A similar study has been done for the J = 1+ 
state, which is shown to be unstable without reg¬ 
ularization 1^,^. 

3. Pseudo-scalar coupling 

The stability of the pseudo-scalar (PS) coupling 
is analyzed similarly to the scalar one. The same 
method leads to the conclusion that the equations 
for the PS coupling are quite surprisingly stable 
without any regularization. 

However, the results show a ’’quasi¬ 
degeneracy” of the coupling constant, for a 
wide range of binding energies. One has for 
instance (see Figure a = 49.5 for a system 
with B = 0.001, and a = 48.6 for a system five 
hundred times more deeply bound {B = 0.5), 
that is only a 2% difference. 

90 

80 

70 

a 

60 

50 



Figure 4. Convergence of coupling constants as 
function of the cutoff kmax for B = 0.001 and 
B = 0.5. The exchange mass is ^ = 0.15. 

This peculiar behavior can be shown to come 
from the second channel: 

[M^-A{k^+ m^)]f2{k,e) = 


^IKP^{k,k',e,e\M^)Mk',9')^ (6) 


The kernel K 22 {k,k',9,0', M^), whose expres¬ 
sion is explicitly given in [^, is represented in 
Figure || for fixed values of 9,9'. It vanishes for 
k = 0 OT k' = 0 and tends towards a positive 
constant in all the {k, k') plane. 



Figure 5. K 22 kernel in (fc, k') plane. 

Let us modelize this kernel by a kind of ’’po¬ 
tential barrier” in the momentum space {k,k'), 
displayed in Figure whose advantage is to be 
analytically solvable. 



Figure 6. Modelization of K 22 by a simpler kernel 
in the (k, k') plane. 


K{k, k') = ^0(fc' - fci)0(fc2 - k') 

X [0(fc - ki)Q{k2 - k) + 0(fc - k2)Q{kmax - k)] 
+ e{k' -k2)Q{kmax-k') \^Q{k-ki) 

X 0(fc2 -k) + ^&{k - k2)Q{kmax " k) 


with 0 ( 2 :) = 1, a; > 0 and 0(a;) = 0, a; < 0. This 
kernel has the same characteristics than K 22 
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since it is zero when fc, k' —> 0,and tends towards 
a constant when (fc, k') go to infinity with a fixed 
ratio 7 = fc'/fc. 

/2 satisfies the Schrodinger type equation 

[e + K^]h{k) J K{k,k')h{k')^ ( 7 ) 

with = rn? — We assume that ki < 

k 2 < kmax et U 2 < Ui- The term Sk' in the 
volume element of (||) was replaced by its large 
momentum behavior, that is by k'. We define 
r(A:) = [k'^ + K^]f 2 {k). The equation for r(fc), 
which is analytically solvable, reads: 

The solution r(fc) is constant for ki < k < k 2 and 
k2 ^ k ^ kmax • 


T{k) = ri0(fc-/ci)0(fc2-fc) 

+ r2Q{k - k2)Q{kmax - k) 


The Ti satisfy the coupled equations 

J (1 + Q;uia)ri = —auibT2 

\ {l + au2b)T2 = —auxaTx 


where we have defined Ui = and 


a = log 


fkl + >f\ 

\kf + J ’ 


b — log 


max 


kn + ; 


( 8 ) 


Replacing r(fc) by its definition in terms of f 2 {k), 
we finally get the solution of equation (|^) on the 
form: 


/2(fc) 


N 


+ ft:2 

aaui 


(1 + abu2) 


[Q{k - ki)Q{k2 - k) 

0(A: k2^Q{kmax k^ 


where is a normalisation constant. For a given 
K the coupling constant is 


q:(k) 


{aui + bu2) + \/ {aui — bu2Y + ^u\ab 
2abui{ui — U 2 ) 


and the results provided by this simple kernel 
are summarized in Table |^. q:(k) depends on k 
through logarithms in a, 6, eq. (||). Besides, the 


Table 1 

Coupling constant as a function of the binding 
energy for the analytical model of the PS coupling 
second channel. 


B 

a 

0.001 

22.5327 

0.010 

22.5334 

0.100 

22.5396 

0.500 

22.5639 

1,00 

22.5862 

1.50 

22.5995 

2.00 

22.6040 


value of K is much smaller than ki,k 2 , kmax■ This 
explains the very weak dependence of a{K) v.s. k. 

We conclude from the above discussion that, 
even if the PS coupling does not formally need 
any regularization to insure its stability, calcula¬ 
tions without form factors - though analytically 
understood - lead to results which are hardly in¬ 
terpretable on the physical point of vue. 
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